In flight, aircraft commonly encounter atmospheric turbulence and gusts. Gusts are treated for linear analysis as a set of fluctuations in the flow velocity around the background steady state.
During gusts encounter, the forces and moments acting on the aircraft change rapidly, in turn exciting rigid and flexible dynamic responses of the entire aircraft [1] . The dynamic response to gusts can lead to passengers' discomfort, overstress structural components above the design target loads, and, in some cases, cause structural failure [2] .
Gust alleviation using active control is a promising and attractive technology because it can simultaneously reduce the weight and increase the performance of modern aircraft. One key issue
for gust alleviation technology is to establish an efficient, high fidelity aero-servo-elastic (ASE) model used for active control design. Generally, ASE studies have used low fidelity linear aerodynamic models, including lifting surface theory, piston theory, quasi-steady aerodynamics, and the doublet-lattice method [3] . For an incompressible, irrotational and two-dimensional flow around a flat plate, Theodorsen [4] provides an analytical formulation of the unsteady aerodynamic loads. The Wagner function [5] describes the indicial built-up of the circulatory part of the lift, including the influence of the shed wake. The Küssner function [5] gives the lift built-up for the penetration into a sharp-edge gust. For a moving sharp-edge gust, in which the gust front moves towards or away from the aerofoil, an analytical formulation is given in Ref. [6] . Exact analytical expressions of the indicial response to a step change in angle of attack, a step change in pitch rate, and for the penetration into a sharp-edge gust in subsonic compressible flow were obtained by Lomax [7] . For a compressible flow, there are no exact closed-form analytical solutions for all times.
F o r P e e r R e v i e w
At transonic speed, the flow is dominated by nonlinear effects and exhibits complex interactions between shock waves and boundary layer. High fidelity models based on computational fluid dynamics (CFD) are instrumental to tackle critical flow conditions used for structural sizing of aircraft components, involving transonic as well as massively separated flows.
For gust simulation, the field velocity method [8, 9] was introduced to extend the unsteady CFD analysis to gust simulation. This method was validated by the calculation of the indicial, stationary gust responses [9, 10] , moving gust [8] , and was also applied in a complex aircraft analysis [11] .
High fidelity ASE models, based on coupling a CFD solver with a computational structural dynamics (CSD) solver, are used for accurate time marching. Two considerations are worth noting about the application of coupled CFD/CSD methods for active flutter suppression (AFS) problems:
first, the computational cost of coupled simulations for three-dimensional (3D) configurations is today unrealistic for practical applications despite the availability of high performance computing (HPC) facilities; second, a low-dimensional state space model is needed for the control design synthesis. To find a compromise between these two contrasting requirements, model reduction techniques aim at balancing high fidelity and low cost/dimensionality. Several reduced order models (ROMs) methods have been developed for gust responses. System identification and manipulation of the governing equations are the two main methods to derive a ROM. System identification methods [12] [13] [14] [15] [16] take the response of the system to known inputs. These methods have been applied successfully, the disadvantages of these methods are the lack of a general robust parameterization of the model and the inability to predict any physics that is not included in the training data. The second approach is to manipulate the governing equations. For example, the harmonic balance [17] and the nonlinear model projection [1, 10, 18] have been applied to a variety of test cases and models. The latter method, in particular, is well suited to control synthesis design F o r P e e r R e v i e w for gust loads alleviation. A novel approach to the reduction of nonlinear models for gust loads prediction was first introduced in Ref. [10] . The method uses information on the eigenspectrum of the coupled system Jacobian matrix and projects the full order model through a series expansion onto a small basis of eigenvectors which is capable of representing the full order model dynamics.
Linear and nonlinear ROMs derived from linear unsteady aerodynamics/CFD and linear/nonlinear structural models were generated. The application to the Goland wing was documented in Ref. [1] , and that to a complete aircraft configuration in Ref. [18] . The method has several strengths, namely:
(i) that it exploits information from the stability (flutter) calculation for the development of a ROM for dynamic response analyses; (ii) linear or nonlinear reduced models can be developed within the same framework; and (iii) the reduced model can be parametrised to avoid ROM regeneration.
Alternative methods based on proper orthogonal decomposition (POD) have also been used to generate CFD-based ROMs. References [19] and [20] , respectively, performed AFS and control design for gust loads alleviation using a POD ROM, and a balanced truncation (BT) method was applied to further reduce the dimension of the time-domain POD ROM. The controller designed using the POD ROM showed good performance in AFS and gust alleviation, but in their method [20] , the authors simplified the gusts into uniform field velocity and ignored the gusts penetration effects. Reference [21] presented the development of a CFD-based gust model for the Boeing truss braced wing aircraft. The ROM combines the convolution of a sharp-edge gust with a model constructed from the POD of the covariance matrix of the sharp-edge gust unsteady pressure coefficients. The ROM was found in good agreement with the CFD solution for a one-minuscosine gust, and was then employed to compute at no extra cost a family of one-minus-cosine gust responses. Reference [22] investigated the POD ROM method to compute the aerodynamic and structural response to gust encounter. To consider the non-uniform velocity distribution of gust F o r P e e r R e v i e w simulation in ROM, the snapshots of POD method in their method were calculated in frequency domain based on linearised approach at non-uniformly distributed frequencies.
The main contribution of this paper is the development of a ROM derived from a coupled CFD/CSD system for gust loads analysis. The work is centred around two objectives. The first is the extension and application of an approach to introduce gust disturbances in a ROM, which has been previously investigated for a two-dimensional rigid aerofoil problem [23] . 
A. Full Order Model
The CFD solver is based on a finite volume, multi-block structured solver. The unsteady Reynolds-averaged Navier-Stokes equations (URANS) are solved using a cell-centered approach.
The spatial discretization is based on the second order Van Leer scheme [24] . For time marching, the lower-upper symmetric Gauss-Seidel (LU-SGS) method is employed. For aeroelastic calculations, the interpolation using surface splines (IPS) method [25] allows transferring applied forces from the aerodynamic domain to the structural domain. The aerodynamic mesh deformation is obtained through radial basis functions combined with the transfinite interpolation method [26, 27] . In this work, the test cases are for a wing typical section, with the structural model represented by two springs in pitch (torsional mode) and plunge (bending mode) with linear stiffness, and for For gust analysis using CFD, the field velocity approach [9] is used. The gust is introduced into the CFD analysis by modification of the velocity of grid points during the unsteady motion of the aircraft. Further use and development of this method have been performed in Refs. [23] and [29] . An advantage of the field velocity approach is that it overcomes the problems associated with the numerical dissipation of the disturbance, and no requirements on the spatial discretisation exist.
A disadvantage is that the gust is assumed frozen, and the influence of the structural response on the gust is neglected. This assumption loses validity when second order effects, which occur in extreme flight conditions at the edges of the envelope, become important. The approach, however, has received widespread use because of the lack of alternative methods.
B. Reduced Order Model
The generation of the ROM for gust analysis and load alleviation consists of three steps. The first is the derivation of a ROM from the unsteady flow solver. The second step is coupling the unsteady aerodynamic ROM with an adequate structural dynamics model to obtain a complete ASE ROM. Finally, the coefficients representing the impact of discrete gust and continuous turbulence on the ROM response are calculated. A short description of each step follows.
Unsteady Aerodynamic Reduced Order Model
The discrete system of nonlinear equations [30] in the time domain using an Arbitrary
Lagrangian-Eulerian formulation is:  is a measure of the angle of attack, which is used to introduce the gust terms in the ROM [23] . The nonlinear fluid equations are linearised about an operating point where a base nonlinear solution is computed first [28, 30] :
where ) and/or integrated ones (generalised forces and moments, etc.). Equation (2) represents the full order linearised time domain (LTD) aerodynamic model in state-space form.
The LTD model retains the same size of the full order model that may consist, generally, of several million degrees of freedom. The main drawback is that the LTD is too large for fast predictions of the unsteady aerodynamic forces and not ideal for gust load alleviation and multidisciplinary design. To achieve a significant reduction on the size of the model, the POD technique [28] is employed. The POD technique is a system optimization method to extract a small basis of modes, 
The number of modes used in an aeroelastic problem was studied in Ref. [28] . By projecting the LTD model onto the subspace r Ψ , the set of equations in Eq. (2) rewrites as:
where
The size of the unsteady aerodynamic ROM in Eq. (4) is r, typically in the order of 10 1 -10 2 ,
which is much smaller than the size of LTD described in Eq. (2), often larger than 10 6 . The vectors 
Aeroservoelastic Reduced Order Model
The structural dynamic equations in modal coordinates are formulated as [28] :
The matrices M , G and K are, respectively, the generalised mass, damping and stiffness matrices.
Comparing Eq. (4) and Eq. (5), one finds that the aerodynamic and structural models are formulated using a different definition of the time scale. In particular, the nondimensional time of the aerodynamic model, t, is related to the dimensional time of the structural model, τ, by the 
The resulting ASE ROM in state space form is obtained coupling Eqs. (5) and (6): 
 is the vector of the structural motions and velocities in modal coordinates. The size of the ASE system in Eq. (7) is 2 dof N r n  , which consists of r POD modes and n structural modeshapes. The factor of 2 accounts for rewriting the structural problem in state space form.
Gust Treatment In Reduced Order Model
A different method from the grid velocity approach is used to introduce gust effects in the ROM framework. We start observing that any disturbance, representing both discrete gusts and continuous turbulence, appears in the ROM equations through the term
In Ref. [23] , we have presented a new methodology that builds on two requirements: speed and simplicity. The first consideration is to avoid degrading the computational performance of the ROM for gust analysis. The second consideration of simplicity is inspired by the Küssner function that gives the lift built up for a sharp-edged gust. The detailed derivation process can be referenced 
where c and  are parameters to be identified once during the ROM generation. The term  is the advance ratio [6] , defined as: 
Equation (8) is used in this work to evaluate the effects of the encounter with a sharp-edge gust within a ROM analysis. To calculate the response to any arbitrary gust shape, indicial 
where K* is a suitable control matrix. In practice, a suboptimal control problem is formulated as 
The LQR control problem seeks a gain matrix K to minimise a specified performance criterion expressed here as:
where Q, referred to as the state weighting matrix, is a symmetric semi-positive definite matrix, and R, referred to as the control weighting matrix, is symmetric and positive definite. The optimum gain matrix is obtained solving numerically the set of equations: 
where P is the solution of the Riccati equations. In this work, the Riccati equations and the optimal gain matrix are calculated using the built-in functions of Matlab/SIMULINK (version R2016a).
III. Results

A. Wing Typical Section
The first test case is for a wing typical section with a trailing edge control surface located at three-quarter of the chord from the leading edge. The pitch and plunge degrees of freedom are restrained by a set of elastic springs with linear stiffness. The aerofoil section is that of the NACA 0012 aerofoil. The aeroelastic parameters are summarised in Table 1 . The grid used in this work consists of 11020 cells with 230 nodes distributed on the aerofoil surface. The grid was chosen after a convergence study solving the Euler equations, and the interested reader may find more details on the background studies in a previous work [28] .
Aeroservoelastic Reduced Order Model
The generation of the ROM is detailed, and some examples are given for validation. First, the LTD model is obtained around a steady state condition, α = 0 deg. Then, a number of POD modes is extracted from an unsteady time domain analysis using the LTD model. The training data were 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 
Open-loop Response
At M = 0.7, the flutter speed is found at a reduced velocity VF = 3.7935. The tracing of the eigenvalue of the aeroelastic system with the largest real part is shown in Figure 2 . The flutter calculation was performed using the full order CFD/CSD model. For the results of the wing typical section herein discussed, a flight condition was chosen at V = 2.0 for M = 0.7, which is within the flutter boundary and the aeroelastic system is asymptotically stable. Having tested the ROM, the worst case gust search was performed for the one-minus-cosine gust, defined here as:
where g x is the position of the aircraft in the spatial description of the gust relative to a convenient fixed origin, and g H is the gust wavelength normalised by the aerofoil semi-chord.
The search domain was divided into 100 design sites with [1, 100] g H  . As a model problem, the worst case gust was defined as the gust causing the largest response in the pitch DoF. Figure 3 reports the profiles identifying the largest deformations in pitch and plunge. The worst case gust for the pitch degree of freedom was found for a nondimensional wavelength 10 g H  as this matches the frequency of the pitch mode. The time response corresponding to the worst case gust is shown in Figure 4 , which conveys the good predictive capability of the ASE ROM compared with the full order simulation. The computing time to carry out the worst case gust search was 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 F o r P e e r R e v i e w
Once the ROM is generated, it can be used to analyse the aeroelastic response to any synthetic gust shape at no extra costs. As an example, Figure 5 illustrates the worst case gust profiles (for a gust wavelength 10 g H  ) considering the advance ratio,  , as the independent parameter.
Several calculations from the full order CFD/CSD model confirm the predictive capability of the ROM. It was already observed and proved in a previous work [23] that a change in the advance ratio, for a given g H , corresponds to a change in the effective gust wavelength. Therefore, it is not unexpected that for the previously identified worst case gust ( 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 An advantage of the ROM is the high computational efficiency compared to the CFD model.
For example, results in Figure 7 were computed for 1000 nondimensional times. The unsteady analysis using the full order model requires about 3202 seconds. For the same settings, once the ROM is generated, the time integration of the ASE ROM requires about 5 seconds, with a speedup higher than two orders of magnitude. 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 
Closed-loop Response
This section concerns the validation of the LQR-based control law that was designed using the ASE ROM as the system to be controlled. The control design was exercised at the flight condition V = 2.0 for M = 0.7. It was assumed that the pitch and plunge, and their respective velocities, were accessible. The state and control weighting matrices were set to R = 1 and Q = I, 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 F o r P e e r R e v i e w 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 
IV. Conclusions
This work reported on the development and application of a methodology for gust load alleviation using computational fluid dynamics as source of the aerodynamic predictions. The 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 F o r P e e r R e v i e w as 77%. This is a good achievement as continuous turbulence, with a broad frequency content, is more challenging than discrete gusts and may impact negatively on the control effort needed.
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